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A difference set D in a group G is called antisymmetric if D n (-0) = C$ 
and D u (-0) u (0) = G. If  G is Abelian and has an antisymmetric difference 
set then G is of prime power order, and if G is not elementary Abelian then G 
has at least two invariant factors whose order is the exponent of G. 
The terminology and notation of [l] will be used in this paper. 
A difference set D in an Abelian group G is called antisymmetric if 
ar # D, a! # 0 implies - 01 E D and 01 E D implies --0~ 4 D. The definition 
gives 
O$D, 
v-l 
k=-2-, 
v-3 “=-p 
wherev = / GI. 
If 
then 
D(x) = 2 xg 
geD 
D(x) D&-l) = n + hG(x), 
D(x) + D(x-l) + 1 = G(x). 
Equations (3) and (4) together give 
.=“+1 
4 (1) 
(2) 
(3) 
(4) 
(D(x) + ;)’ = $ + 51 (G(x) - 1). 
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Hence for every character x # x1 
-l+VG 
x(D) = 2 * (5) 
THEOREM 1. We have v = pr” where p is a prime. 
Proof. The relations (1) show that v is not a square. If v is composite 
we may choose z)~ so that v1 is not a square and v = pjv, , (vl , p) = 1, 
j > 1, p a prime. Choose x # x1 so that x(g) is ap-th root of unity for all g. 
Then (5) implies 
v%e -@t&J or 1/-tl, E -%&A (6) 
where 9%’ is the field of rationals and 5, denotes a primitive p-th root of 
unity. But (6) is impossible since neither l/V, nor d-V1 are in W(&J. 
(The discriminant of 9( 5,) is prime to ~3. This proves Theorem 1. 
THEOREM 2. The quadratic residues mod v are multipliers of D. 
Proof. If 5 is ap”-th root of unity and (t/p”) = 1 then the automorphism 
-. 
5 ---f 5” of 9(~,=) leaves d-v invariant (see [2], p. 116, proof of Propo- 
sition 11. Hence, 
xW4) = xtD(xN 
for all characters x and therefore 
D(xt) = D(x). 
THEOREM 3. If G has exponent p8 with s > 2 then there are at least 
2 basis elements of order p8 in G. 
Proof. Write 
g = (4 ,..., 4 
where ai is a residue mod pz’. Assume 1, = s and I, < s for i 3 2. By 
Theorem 2, if g E D then (1 + hpS-l) g E D. Choosing a, + 0 (p) and 
h = a;‘, we see that 
(pS-1, o,..., 0) 
arises as a difference of two elements of D at least as often as there are 
elements in D for which a, + 0 (p). But by the antisymmetry of D there 
are exactly (p” - pm-l)/2 such elements in D; hence, 
pm-pm-1<,2/-3 
2 4 4 
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or 
p” < 2pm-1 - 3 
which is impossible. This proves Theorem 3. 
If q = 3(4) then the squares in G.F. (q) form an antisymmetric differ- 
ence set of the additive group of G.F. (q). It is not known if there are 
antisymmetric difference set in groups which are not elementary Abelian. 
Theorems 1 and 3 impose strong restirctions on the invariant factors 
of such groups. 
Equation 5 and Theorem 1 were previously obtained by Johnson [3]. 
Johnson also proved Theorem 2 for the case that 2, is a prime. He also 
proved: If pm is the order of G, ps its exponent and if m > 1 than m > 2s. 
This statement is an immediate consequence of our Theorem 3 and the 
congruence v = 3 (mod. 4). 
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